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LECTURE 16: APRIL 8

Non-characteristic pullback and coherence. Recall that if f: X — Y is a
morphism between nonsingular algebraic varieties, we have the following morphisms
between cotangent bundles:

X xy T*Y -2 1 x
(16'1) lpz
T*Y

We said last time that a coherent left Zy-module M is called non-characteristic
with respect to f if p; * Ch(M) is finite over its image in 7* X (under the morphism
df). Here are three typical examples.

Ezxample 16.2. If f is a smooth morphism, then df is a closed embedding, and so
every coherent left Zy-module is noncharacteristic with respect to f.

Ezample 16.3. If M is a vector bundle with integrable connection, then Ch(M) is
the zero section in T*Y . Since the zero section in X Xy T*Y and in T*X are both
isomorphic to X, the restriction of df to p2_1 Ch(M) is an isomorphism, and so M
is non-characteristic with respect to any morphism f. So being non-characteristic
is really a condition on the other components of the characteristic variety.

Ezxample 16.4. The left Zy-module %y is never non-characteristic with respect to a
closed embedding f: X — Y (as long as dim X < dimY"). Indeed, Ch(M) = T*Y
in this case, and since df has positive-dimensional fibers, p; * Ch(M) is not finite
over its image.

Our goal for today is to show that pulling back preserves coherence in the non-
characteristic setting.

Theorem 16.5. Let f: X — Y be a morphism between nonsingular algebraic
varieties, and M a coherent left Py -module. If M is non-characteristic with respect
to f, then the following is true.

(a) The pullback f*M is a coherent left Dx-module.
(b) One has L= f* M =0 for j > 1.
(¢) One has Ch(f*M) = df (p; ' Ch(M)).

Note that since df : pgl Ch(M) — T*X is a finite morphism, the image is again
a closed algebraic subset of T7*X. Thus the statement in (c) makes sense.

For the proof, the idea is to factor f: X — Y as a closed embedding followed by
a smooth morphism, and to analyze the two cases separately.

Smooth morphisms. Suppose that f: X — Y is a smooth morphism. In the
diagram in (16.1), the morphism p, is then also smooth, and the morphism df is a
closed embedding. Now let M be a coherent left Zy-module. We have

f*j\/l =Dx_vy Qf-19y fﬁlM ~CO0x Qf-106y fil./\/l7

and since smooth morphisms are flat, the tensor product with Ox is exact. In
particular, the higher derived functors of the tensor product are zero, and so
L77f*M = 0 for j > 1. This proves (b). Next, we show that f*M is coher-
ent over Zx. By assumption, M is coherent over %y, and so f~!M is coherent
over f~'Py . Since the left Zx-module structure on f*M comes from Zx_,y, it is
therefore enough to show that the morphism

Dx = Dx_y =Ox Qf-10y f_lgy, Pi—>P~(1®1)
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is surjective. This can be done locally. We can therefore assume that X and
Y are affine, and we can choose local coordinates x1,...,2,+, € T'(X,Ox) and
Y1,---,yn € L(Y, Oy), in such a way that the morphism on tangent sheaves

TIx = [* Ty =Ox @0y [Ty

maps d,; to 1 ® 9y, for 1 < j < n, and to zero otherwise. (This means that
Ozpyrs+ >0z, generate the relative tangent sheaf 7 /y.) Now every element of

(X, Zx_v) can be written in the form

D 92 GO O,

aeNn

with g, € T'(X, €Ox), and because of how we defined the Zx-module structure on
the transfer module, this expression equals

Y a5t 05 (101).

aeN"?

Thus Zx — Px_,y is indeed surjective, with kernel generated by the relative
tangent sheaf Jx y.

It remains to prove that Ch(f* M) = df (;1)2_1 Ch(M)). Choose a good filtration
FoM, and observe that because f is flat, we have f*F;M C f*M. If we set
N = f*M, we thus get a filtration with terms F;N = f*F; M. It is clear that each
F;N is a coherent &x-module; moreover, flatness of f gives

gl‘f./\/‘ = FjN/ijlN = f* grf./\/l.

Once we check that F, N is a good filtration, we can use it to compute Ch(N).
Working locally, we can assume that X and Y are affine, and that we have local
coordinates z1,...,Znr € I'(X,0x) and y1,...,y, € I(Y,0y) as above. To
abbreviate, set A = I'(X, Ox) and B = I'(Y, Oy ); then A is a smooth B-algebra.
We shall use the same symbol 9; to denote both 0., and d,,; then the morphism
on tangent sheaves takes d; to 1 ® 0; for 1 < j < n, and to zero otherwise.

Let us set M =T'(Y, M) and N = T'(X, ). By construction,

N=A®pM and F;N=A®pF;M and g N=A®pgr M.

As the filtration on M is good, the associated graded gr’ M is finitely generated
over gr’ D(B) = B[dy, . ..,0,]. The left D(A)-module structure on N is given by

dia@m+a®0dm if1<j<n,
dja®@m ifn+1<j<n+r.

3j(a®m) :{

This formula shows that the filtration Fq N is compatible with the action by D(A).
It also shows that Op41,...,0h+r act trivially on

gf'N=A®p gfM,

and that 0i,...,9, only act on the second factor. Said differentialy, we have an
isomorphism of graded A[dy, ..., Opir]-modules
(16.6) gt N = Aoy, ...,0,] ®pa,,..0, &' M,

with A[0y,...,Ontr] acting on the first factor in the obvious way. This says that
grf’ N is finitely generated over A[dy,...,0n1,], and so FyN is a good filtration.
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It is now easy to compute the characteristic variety Ch(N'). If we rewrite the
diagram in (16.1) in terms of rings, we get

Spec Ady, ..., 0] —L Spec A[dy, ..., Onir]

|p

Spec B[04, . .., O]

with po induced by the morphism of rings B — A, and df induced by the quotient
morphism A[dy,...,0h4r] — AlO1,...,0,]. Thus (16.6) says that the coherent
sheaf on T*X = Spec A[0, ..., 0p+,] corresponding to gr’ N is obtained by first
pulling back gr’’ M along p,, and then pushing forward along df. Globally,

erF N = df.pierf M,
and since po is surjective and df a closed embedding, we get
Ch(N) = df (p; ' Ch(M)),

proving (c) for all smooth morphisms.

Factorizing through the graph. Using the graph embedding, we can write any
morphism f: X — Y as the composition of a closed embedding i: X — Z and a
smooth morphism g: Z — Y. (Here Z = X x Y, of course, but let me write Z to
simplify the notation.) We already know that N' = g* M is coherent over 2, and
that Ch(\) = dg(p5 ' Ch(M)). Using the big diagram

daf

X xyTY = X x,T*7 —%5 1+

li xid lm

Zxy TY %, 1+g

2

™Y

from last time, we see that p, ' Ch(N) is finite over its image in 7*X (under the
morphism dz); this says that A is non-characteristic with respect to the closed
embedding i: X — Z. As f*M = i*N/, this reduces the proof of Theorem 16.5 to
the case of a closed embedding.

Closed embeddings. Suppose now that f: X — Y is a closed embedding. We
are only going to treat the case where dim X = dimY — 1; to go from there to the
general case, one uses the fact that f can be locally factored as a composition of
dimY — dim X closed embeddings of codimension one (because closed embeddings
between nonsingular algebraic varieties are locally complete intersections).

The problem is local, and so we can assume that Y is affine, with B = I'(Y, Oy).
Choose local coordinates yg, y1, - .-, Yn € B, in such a way that X is defined by the
equation yg = 0; then A = I'(X, Ox) = B/Byo, and the images x1,...,x, € A of
Y1i,...,Yn € B are local coordinates on X. The morphism on tangent sheaves

TIx = [* Py =O0x Qp-r0y [Ty

takes 8zj to 1 ® ay]. for 1 < j < n. (The remaining vector field d,, is not in the
image; it generates the normal bundle.) We again write 9; for both 9., and d,,, so
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that the morphism on tangent sheaves takes 0; to 1 ® d;. With this notation, the
diagram in (16.1) becomes

Spec A[dy, ..., 0n] —2L—s Spec A[d1, ..., 8]

(16.7) l?Q
Spec B[do, - . ., On).

This time, py is a closed embedding and df is smooth of relative dimension one.
We are going to use the following basic fact from algebraic geometry.

Lemma 16.8. Let B be a finitely generated A-algebra.

(1) If B is integral over A, then every finitely generated B-module M is also
finitely generated as an A-module.

(2) If M is a finitely generated B-module such that Supp M is finite over
Spec A, then M is also finitely generated as an A-module.

Proof. The first assertion follows from the fact that B itself is finitely generated
as an A-module. To prove the second assertion, we may replace B by the quotient
ring B/ Anng (M) and assume without loss of generality that Anng(M) = 0. The
support of M is then the reduced closed subscheme defined by the nilradical of B,
and so the hypothesis says that B/Nil B is integral over A. This means that for
every b € B, there is a monic polynomial h(t) € Aft] such that h(b) € Nil B. But
then h(b)™ = 0 for some m > 1, and so b is integral over A. We now conclude from
the first assertion that M is finitely generated as an A-module. O

Now let M be a coherent left Zy-module that is non-characteristic with respect
to f. Set M = I'(Y, M), which is a finitely generated module over the ring of
differential operators D(B) = I'(Y, Zy). The following lemma expresses the non-
characteristic property of M in terms of differential operators.

Lemma 16.9. For every u € M, there exists a nontrivial differential operator
P € D(B) that is non-characteristic with respect to yo = 0 and satisfies Pu = 0.

Proof. The submodule D(B)u C M is isomorphic to D(B)/I, where
I={PeDB)|Pu=0}

is a left ideal in D(B). The characteristic variety of D(B)/I is contained in that
of M, and so D(B)/I is again non-characteristic with respect to f. As a subset of
T*Y = Spec B[y, . .., 0], the characteristic variety of D(B)/I is cut out by the
principal symbols o(P) € B[dy,...,0,] of all the differential operators P € I. Its
preimage under ps is therefore cut out by their images in A[Qy, . .., dy]. Because this
subset is finite over Spec A[dy, ..., d,], we can argue as in the preceding lemma to
show that there is a monic polynomial h(t) of some degree d > 1, with coefficients in
the ring A[01, . .., On], such that h(9y) € A[Dy, ..., O] belongs to the ideal generated
by o(P) for P € I. Keeping all terms in h(9p) that are homogeneous of degree d,
we conclude that there exists a differential operator P € I of order d, such that the
image of o(P) in A[dy, ..., 0,) contains the term 9§. But this says exactly that P
is non-characteristic with respect to yo = 0. O

Note. Since M is finitely generated over D(B), the lemma implies that there exist
finitely many differential operators Py, ..., P. € D(B), all non-characteristic with
respect to yg = 0, and a surjective morphism

émmmwmﬁM
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By applying the same observation to the kernel, one can in fact show that M admits
a resolution by non-characteristic D(B)-modules of the form D(B)/D(B)P.

Now let us continue with the proof of Theorem 16.5. The derived functors
L=7 f* M are computed, in our local coordinates, by the complex of D(A)-modules

M -2 M.

To show that L=7 f*M = 0 for every j > 1, we only have to argue that multipli-
cation by yg is injective. Suppose that we have some u € M with you = 0. By the
lemma, we can find a differential operator P € D(B), say of degree d > 0, such that
Pu = 0 and such that P is non-characteristic with respect to yg = 0. Concretely,
this means that the coefficient of 9¢ is constant modulo yo. As you = 0, we can
therefore assume without loss of generality that d¢ appear with coefficient 1 in P.
Let us choose P in such a way that d is minimal. The commutator [y, P] contains
the term —ddd~!, and since

[yo, Plu = yoPu — Pyou = 0,

we conclude by minimality that d = 0, and hence that « = 0. This proves (b).

To prove the other two assertions, we choose a good filtration F, M, with grf M
finitely generated over gr’’ D(B) = B[d, ..., 0,). Set N = f*M and N = I'(X, N,
so that

N=AQ®p M.
This time, tensoring with A is no longer an exact functor, but we can still define a
filtration on N by setting
F;N = im(A ®p F;M — A®p M)
With this definition, each gréD N is a quotient of B® 4 grf M, and by exactly the same
calculation as before, the A[dy, ..., d,]-module grf’ N is a quotient of A @ grf’ M,
considered as an A[dy, ..., dy]-module through the morphism in (16.7).

Now I claim that A ®p gr’ M is finitely generated over A[dy,...,d,]. Indeed,
gri"M is finitely generated over B[y, ..., ,] (because Fy M is good), and so A®p
grf’ M is finitely generated over A[do,...,0,]. By the non-characteristic property,
the support inside Spec A[Dy, ..., 0y] is finite over Spec A[dy,...,,], and so the
claim follows from Lemma 16.9. Therefore grf’ N, which is a quotient, is also
finitely generated over A[d1,...,dy,], proving that N' = f* M is coherent over Zx.
This argument also shows that

Ch(N) C df (p3 ' Ch(M)),

because the support of A ®p grf’ M contains the support of the quotient module
grf’ N. Some extra work is required to show that the two sides are actually equal.
(In brief, one has to construct a good filtration F M such that grfN = A®BgrfM.)

Exercises.

Exercise 16.1. Suppose that X C A™ is a nonsingular subvariety. Determine the
set of hyperplanes H C A™ such that p, '(T5A™) is finite over its image in T*H.

H xpn T*A" —— T*H

|p

T*A™



