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LECTURE 18: APRIL 15

Direct images and coherence. Last time, we defined the direct image functor
(for right Z-modules) as the composition

L
Db(@){){p) RDx 5y Db(filg}ofp) Rf.«

w

where f: X — Y is any morphism between nonsingular algebraic varieties. We also
showed that g4 o f4 = (go f)+.

Today, our first task is to prove that direct images preserve quasi-coherence and,
in the case when f is proper, coherence. The definition of the derived category
D*(2%F) did not include any quasi-coherence assumptions. We are going to denote
by Dgc(@;’(p ) the full subcategory of D*(2"), consisting of those complexes of right
P x-modules whose cohomology sheaves are quasi-coherent as 0x-modules. Recall
that we included the condition of quasi-coherence into our definition of algebraic
Z-modules in Lecture 10. Similarly, we denote by D , (27) the full subcategory
of Db(_@)o(p ), consisting of those complexes of right Zx-modules whose cohomology
sheaves are coherent Zx-modules (and therefore quasi-coherent &x-modules). This
category is of course contained in D} (2).

D¥(7y")

Theorem 18.1. Let f: X — Y be a morphism between nonsingular algebraic
varieties. Then the functor fy takes Db (25F) into D}.(2yF). When f is proper,
it also takes D, (2%) into D%, (247).

coh

We are going to deduce this from the analogous result for &x-modules. Recall
that if # is a quasi-coherent @x-module, then the higher direct image sheaves
RI f,.7 are again quasi-coherent @y-modules. Moreover, if .% is coherent and f is
a proper morphism, then each R’ f,.% is a coherent @y-module. The first result
is fairly elementary; the second one, due to Grauert in the analytic setting and to
Grothendieck in the algebraic setting, takes more work to prove.

To go from Ox-modules to Zx-modules, we work with “induced Z-modules”.
The construction is straightforward. Given any €x-module .#, the tensor product

F Qo Dx

is a right Zx-module in the obvious way. Right Zx-modules of this form are called
induced P-modules. If ¥ is quasi-coherent, then ¥ ®¢, Zx is quasi-coherent as
an Ox-module; if .# is coherent, then .# ®¢, Px is a coherent Zx-module.

Lemma 18.2. Every (quasi)coherent Px-module admits a resolution by (quasi)-
coherent induced Px-modules. The same thing is true for complezes.

Proof. The point is that every (quasi)coherent Zx-module is the quotient of a
(quasi)coherent induced Zx-module. Indeed, if M is a right Zx-module that is
quasi-coherent over Ox, then we can use the obvious surjection

M®p, Ix — M.

If M is a coherent right Zx-module, we showed in Lecture 11 that there exists a
coherent Ox-module % C M with the property that .% - Zx = M. This says that

F Qoyx Ix - M

is surjective. The kernel of the morphism is again either quasi-coherent or coherent,
and so we can iterate the construction to produce the desired resolution

= F Qey Dx = Fo Qex Ix - M — 0.
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Keep in mind that the morphisms %, ® s, Ix — Fr—1 Qo Px are typically not
induced by morphisms of &x-modules %, — Fp_1.

To deduce the result for complexes, one can then apply the usual Cartan-
Eilenberg construction. O

Direct images of induced Z-modules are very easy to compute. Indeed,

L L L
(F ®ox Ix) Oy Dx—y = F Qox Dxoy =F Qox (Ox Qp-16y [ Dy)
L
2T Qp1py [ Dy =F Qp-10y [ Dy,

due to the fact that Py is locally free, hence flat, over &y. Now the usual projection
formula (for €y-modules) gives

er(egf Ko @)() = Rf. (ﬁ' Qf-10y f_lgy) = Rf*y &K 6y Dy .

All cohomology modules of this complex are therefore again induced Zy-modules
of the form R f,.# ®¢, Py . They are quasi-coherent as Oy-modules if .Z is quasi-
coherent; and coherent as Zy-modules if .Z is coherent and f is proper. This proves
the theorem for all induced Z-modules.

Proof of Theorem 18.1. Let us first prove the assertion about quasi-coherence. By
the lemma, every object in Dgc (2% is isomorphic to a complex of of quasi-coherent
induced Zx-modules, of the form

..._>§'p®6,x@X%yp"rl@ﬁx@x_)...

let me stress again that the differentials in this complex are Zx-linear, but not
induced by Ox-linear morphisms from .Z? to .Z#P+!. If we apply the direct image
functor f; to this complex, and use our calculation for induced Z-modules from
above, we obtain a spectral sequence with

E;f’q = (qu*gzp) Koy Dy

that converges to the cohomology sheaves of f (ﬁ *®ey @X). Each EP? is quasi-
coherent as an Oy-module, and so the cohomology sheaves of the direct image are
also quasi-coherent as Oy-modules.

The proof for coherence is similar. By the lemma, every object in D(C’oh(@;’(p )
is isomorphic to a complex of coherent induced Zx-modules; this means that we
can choose all the .#P as coherent &x-modules. If f: X — Y is proper, then each
RIf,ZP is a coherent Oy-module. But then each EY"? is a coherent Zy-module,
and the spectral sequence implies that the cohomology sheaves of the direct image
are also coherent Zy-modules. [l

Example 18.3. Suppose that X is proper over Speck. Then Theorem 18.1 says
in particular that the hypercohomology groups of Sp(M) are finite-dimensional k-
vector spaces for every coherent right Zx-module M. In particular, the algebraic de
Rham cohomology groups H?,(X/k) are finite-dimensional whenever X is proper
over Speck. (We will see later that this is actually true without properness!)

Ezample 18.4. Our calculation for induced Z-modules shows that the direct image
of a coherent Zx-module by a non-proper morphism is usually not coherent. For
example, if f: X — Speck is not proper, the j-th cohomology module of f, Zx is
isomorphic to H’ (X, Ox), which is typically not finite-dimensional over k.
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Preservation of holonomicity. The direct and inverse image functors
fo: Dgo(2%) = Doo(2y")  and Lf*: Dgo(Py) — Dy (Zx)

only preserve coherence with some extra assumptions. For Lf*, we need the non-
characteristic property; for f, we need properness. A small miracle of the theory
is that both functors nevertheless preserve the most interesting class of Z-modules,
namely the holonomic ones. We have already seen one special case of this phe-
nomenon back in Lecture 3, namely that the localization k[z1,...,z,,p"!] along a
nonzero polynomial P € k[z1,...,%,] is holonomic over the Weyl algebra A, (k).
By analogy with quasi-coherent and coherent Z-modules, we use the notation
D! (Zx) for the full subcategory of D? , (Zx), whose objects are those complexes
of Zx-modules whose cohomology sheaves are holonomic. This category contains
all bounded complexes of holonomic Zx-modules, of course, but also injective or
flat resolutions of such complexes; we need to work in this larger category in order
to define f; or Lf*. Fortunately, Beilinson has shown that the inclusion functor

Db (Modh(.@)()) — Dg(-@X)

is an equivalence of categories. This means concretely that every complex of
P x-modules with holonomic cohomology sheaves is isomorphic, in DZ(@X), to
a bounded complex of holonomic Zx-modules.

Theorem 18.5. Let f: X — Y be a morphism of nonsingular algebraic varieties.
(a) The functor fi takes D(2) into DL(257).
(b) The functor Lf* takes Db (Py) into D2 (Zx).

Let me remind you about the case of closed embeddings.

Lemma 18.6. Leti: X — Y be a closed embedding, and M® € Db, (7). Then
one has M® € D2(2) if and only if io M® € D2(Dy7).

Proof. The naive direct image functor iy M = i, (/\/l R .@X_>y) is exact, and so
HE(iy M®) =2 iy (HEM®).

This reduces the problem to the case of a single coherent right Zx-module M. We
showed back in Lecture 13 that i, M is a coherent right Zy-module, and that

dim Ch(iy M) = dim Ch(M) + dim Y — dim X.
It follows that M is holonomic if and only if ¢y M is holonomic. g

The proof of Theorem 18.5 is done in two stages. First, there are a certain
number of (formal) steps that reduce the general problem to the case of modules
over the Weyl algebra. Second, one uses the Bernstein filtration to do the required
work for modules over the Weyl algebra. Let me go over the reduction steps rather
quickly, without paying too much attention to the details.

The crucial observation is that (a) follows from the special case of a coordinate
projection AZ“ — A7. Let me explain how this works. First, we observe that it is
enough to consider a single holonomic Zx-module M. The reason is that, as with
any complex, one has a convergent spectral sequence

Bt = HP f (HIM®) = HPVI M,
and as long as each HPf(HIM?®) is holonomic, it follows that all cohomology
sheaves of f; M?* are holonomic. Second, we can factor any morphism as
X Yy Xxy 2y
f
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into a closed embedding followed by a projection. Since we already know that
(i5)+M is again holonomic, we only need to consider the case where X = Z x Y
and f: Z xY — Y is the second projection.

Third, we can further reduce the problem to the case where X = 7 xY and Y
are both affine. Since the statement is local on Y, we can obviously assume that Y
is affine. Choose an affine open covering Z = Z; U --- U Z,, such that each Z \ Z;
is a nonsingular divisor in Z. Set U; = Z; x Y, and for each subset o C {1,...,n},
denote the resulting open embedding by

joi Ua=JU;j = X.
JEa
For any sheaf of &x-modules, and in particular for our holonomic right Zx-module
M, we have the Cech resolution

0—Co(M)—=C*(M)—---,

whose terms are given by

M) = @ Ga)e(M]y, ).

la|=k
Since j, is an affine morphism, we have

(Ga)« (M|, ) = Rlja)« (M|, ) = (a)+ (M, ),

and so the Cech complex is actually a resolution of M by right Zx-modules. It is
therefore enough to show that each

f+(ja)+(M|U(,) = (foja)+(M|Ua)

is a complex of Zy-modules with holonomic cohomology sheaves. Since the restric-
tion of M to the affine open subset U, is holonomic, this reduces the problem to
the case of a morphism between nonsingular affine varieties.

Fourth, the result for coordinate projections on affine space implies the result
for all morphisms f: X — Y between nonsingular affine varieties. To see this, let
us choose closed embeddings ix: X < A™ and iy: Y < A". We then have a
commutative diagram

x—1 vy
[

X xY iy

jix X1y
A™ x A" P2 A
where all vertical morphisms are closed embeddings. The lemma says that f, M
belongs to D! (2y?) if and only if (iy o f)+ M belongs to D} (2,%). Since we already
know that the closed embeddings i and ix X 7y preserve holonomicity, we only
have to consider what happens for ps: A™ x A” — A™. This can be factored as a
composition of m coordinate projections, and so we have successfully reduced the
proof of (a) to the special case of a coordinate projection A"+l — A",

The second observation is that the statement for the inverse image functor in
(b) is a formal consequence of (a). As before, we only have to consider a single
holonomic left Zy-module M, and since we know that pulling back along a smooth
morphism preserves holonomicity, the general problem reduces to the case of closed
embeddings. Locally, we can factor any closed embedding as a composition of
closed embeddings of codimension one, and so we only have to prove that if M is a
holonomic left Zy-module, and i: X — Y a closed embedding of codimension one,
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then Li*M € D} (Zx). Let j: U — Y be the open embedding of the complement
U =Y\ X. Ignoring the difference between left and right Z-modules,
is again a Zy-module, due to the fact that j is affine. Provided that we know (a)
for the open embedding j: U — Y, it follows that j*(/\/l’U) is affine. We will show
next time that we have an exact sequence of Zy-modules

0= iy (L7 M) = M = j.(M]|,) =iy (L% M) = 0,

where I am again ignoring the difference between left and right Z-modules. It
follows that each iy (L~7i* M) is a holonomic Zy-module, and by the case of closed
embeddings, this implies that L=7i* M is a holonomic Zx-module. This is what
we wanted to show.

Excercises.

Exercise 18.1. Morihiko Saito observed that every right Zx-module M has a canon-
ical resolution by induced Zx-modules. Recall that the Spencer complex Sp(Zx)
is a resolution of Ox by locally free left Zx-modules.

(a) Show that each term of the complex
Sp(M) ®oy ZIx

has the structure of a right Zx-module. (Hint: See Lecture 12.)
(b) Construct an isomorphism of right Zx-modules

Moy (7x @0y /k\ﬂx) = (M@0, /k\ﬂx) Rox Dx

to show that each term in above complex is an induced Zx-module.
(¢) Show that the above complex is a resolution of M by induced Zx-modules.

Ezxercise 18.2. Let % and ¢ be two Ox-modules. We have a morphism
Homg, (ﬂ ®eyx Dx,9 Qoy @)() — Homep (ﬂ,g Koy @)() — Homy (F,9),

obtained by composing with 4 ®g, Zx = 4, u® P — u - P(1). Show that this
morphism is injective. The image is called the space of differential morphisms from
F t09.



