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LECTURE 7: FEBRUARY 25

Review from last time. Let me briefly recall where we are at. The general setting
is that R is a (non-commutative) ring with 1, endowed with a filtration Fy R, such
that the associated graded ring S = grf’ R is commutative and nonsingular of
dimension dim S = 2n. The prototypical example is of course R = A, (K), with S
being the polynomial ring in 2n variables. Given a finitely generated left R-module
M, together with a good filtration Fy M, we are trying to compare
Ext},(M,R) and Ext%(gr? M, S).
More precisely, we want to show that the two integers
§(M) =min{j >0 | Ext}(M,R)#0}
jlgrf M) = min{j >0 | Extfg(ngM, S)#0}
are always equal to each other. To this end, we had constructed a resolution
(7.1) o> Lo — Ly > Lo—M—0
of M by free left R-modules, such that (1) each L; has a good filtration; (2) the

morphisms in the resolution respect the filtrations; (3) the induced complex
(7.2) oo gLy 5 gLy — gt Ly - e M — 0

is still exact, and therefore gives a resolution of grf' M by free S-modules. In fact,
each L; was a direct sum of copies of R(e), for different values of e € Z, where
R(e) = R as a left R-module, but with the good filtration F;R(e) = F.1;R.

Now each L} = Hompg(Lj, R) is a right R-module, and the j-th cohomology of
the complex of right R-modules

0—-Ly—Li—=Li— -
is equal to EXt%(M , ). We further showed that each L} again has a good filtration
(as a right R-module) — in fact, each L7 is again a direct sum of copies of R(e),
viewed as a right R-module, by one of the exercises from Lecture 6. One has

ngL; = Homg (ngL, S),
and because of the exactness of (7.2), it follows that the j-th cohomology of the
complex of graded S-modules

0—grf'Ly — gL} — gLy — -

is equal to Extjé(ng M, S). So our problem comes down to comparing the coho-
mology of a filtered complex to the cohomology of the associated graded complex.
This can be done using the formalism of spectral sequences.

The spectral sequence of a filtered complex. Generally speaking, a spectral
sequence is a sequence of complexes

(El,v dl) )
indexed by £ € N. Here each E} is a complex of vector spaces, modules, or whatever,
and the differentials do: E} — E;H are morphisms in the appropriate category.
The complex E} is often called the “l-th page” of the spectral sequence. What
makes a sequence of complexes into a spectral sequence is that each 7., is obtained
from the previous complex E} by taking cohomology:
ker(de: Ep — E;t)
im(de: B}~ — E})
Of course, taking cohomology kills the differentials, and so the new differential dyy 1
has to come from somewhere else.

By P (E]) =
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Typically, there is some quantity that one would like to compute, and the initial
page of the spectral sequence is a known (or easily obtained) “approximation” to
this quantity. As ¢ gets larger, the approximation gets better and better, and things
eventually “converge” to the quantity one is trying to compute. This is of course
just a rough description; I am going to make it more precise later on.

In my opinion, the best example for understanding spectral sequences is the
spectral sequence of a filtered complex. Suppose then that we have a complex
(K*,d), consisting of vector spaces, modules, or whatever:

cy KL g 4 gt
We are interested in computing the cohomology
ker(d: K™ — K™t
HTL(K.) — - ( )
1m(d: Kn—1 - K”)

of this complex. Suppose also that the complex is filtered, meaning that each K™
has an increasing filtration Fy K™, possibly infinite in both directions,

- CFK"CFj K"C--.
that is compatible with the differentials in the complex, meaning that d(F;K"™) C
F; K™ We also assume that
(7.3) |JFEE"=EK" and F;K, =0for j <0.
JEL
The compatibility with the differential means that each F;K*® is a subcomplex of
K*, and so we obtain a filtration on the cohomology of K*® by setting
FH"(K*) = im(H”(FjK’) = H”(K‘)).
In fact, it is not hard to see that
F;K"Nkerd+d(K"1) F;K" Nkerd

B HI(EE) = d(KT) T K nd(Knh)

and hence that that the associated graded object is given by
F; K™ Nkerd
F;_1K"Nkerd+ F; K" Nd(K"1)

gri H"(K*) =

The spectral sequence is going to let us compute not H™(K*®) itself, but the graded
pieces for the above filtration. The first approximation to this — and the starting
point for the spectral sequence — is the associated graded complex gr” K'®, with the
induced differential, and terms

%ngan i> ngKn gngKnH ...
Again, it is not hard to show that

ker(d: ger" — ger"“) . FyEK" N d=Y(F;_1 K"t

H"(g@rF K*) = =
(g1 ) im(d: grf Kn1 — grf Kn) F1 K"+ d(F;K")

Note that this is usually not the same as gri H"(K*).

Ezample 7.4. Here is a typical example of a filtered complex. Let (A, m) be a local
ring, and suppose that K*® is a complex of free A-modules of finite rank. We can
filter each K™ by powers of the maximal ideal,

K"Z_)mK"Z_)mZK"Qn-

)
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which amounts to setting FoK™ = K™ and F_;K™ = m/K" for j > 0. Here the
second condition in (7.3) does not hold, but it turns out that one can weaken this
to the condition that

(VK" +L)=L

JEZ
for every submodule L C K,, which does hold in this example (by Krull’s theorem).
In particular, the intersection of all F; K™ equals zero, which makes sense if we think
of elements of m’/ as functions that vanish to order j; going further down in the
filtration on K™ therefore means getting closer to zero.

Example 7.5. The long exact sequence in cohomology is a toy example of a spectral
sequence. Suppose that we just have one subcomplex K§ C K°®. Together with the
quotient complex, this makes a short exact sequence
0—-K;—-K*—>K; =0
and so we get a long exact sequence in cohomology:
o H'Y(KY) —» HY(KS) — H"(K*) — H"(K}) — H" ™ (K$) — -+

This tells us how the cohomology of K*® is related to the cohomology of the subcom-
plex and the quotient complex: there are additional maps H"(K}) — H"TY(K}),
and the two graded pieces of H"(K*®) are the cokernel respectively kernel of these
maps. If the filtration is longer, then the picture is still similar, but it takes more
steps to get from the cohomology of the associated graded complex to the associated
graded of the cohomology of K*°.

As explained above, we may think of elements of F; K™ as being “close to zero”
when j < 0. The idea behind the spectral sequence is to “approximate” the
condition x € F; K" and dx = 0 by the weaker condition dx € F;_,K"™, and then
increasing the value of £ > 0. In other words, we are approximating F; K" Nkerd
by the decreasing sequence of submodules F; K™ Nd~!(F;_,K"T!) for £ > 0; this
makes sense because of the condition in (7.3). With this in mind, we can now give
the precise definition of the spectral sequence of a filtered complex.

For each n,j € Z and each ¢ € N, we define

Z}; = FK"Nd ' (Fj_K"*").
In other words, an element x € F; K™ belongs to Z;'; iff do € Fj,gK"“. By
construction, the differential d: K™ — K"*! induces a morphism
de: Zy'; — ZZ}'}E, T — dz.
Similarly, for each n,j € Z and each £ € N, we define
By =2i;N (Fj—lKn + d(Fj+Z—1Kn71))
=Fj 1 K"Nd " (Fj_K"™") + ;K" Nd(Fjpe1 K"1)
L n—1
=27 ;1 + d(Zlfl,jJerl)'
We can then form the quotient
Eij = Zi;/Bi;,
and observe that d; maps By’ ; into Bg;‘_le, and therefore induces a morphism

. mn n+1

with the property that dy o dy = 0.
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To obtain a complex (Ef,d,), we consider the graded modules
B} =D E;;
JEZ
By construction, the differential do: E} — E;"H reduces the degree by /.

Ezxample 7.6. For ¢ = 0, we have

7y, =FK" and By, =Fj_ K",
since d(F; K™) C F; K" by assumption. Consequently,
FK
) D/ btk LR L raL
0,7 Fj—lKn gr] )

with differential dy induced by d. Given (7.3), it also makes sense to set
Z%;=F;K"Nkerd and Bf ;=F;1K"Nkerd+ F;K"N d(K"),
which extends the above notation (formally) to £ = oco. Then
F;K™
E" = J o FHn K*
~i = TRk nkerd+ R a8 HTED,

according to our earlier calculation.

Now let us show that the complexes (E}, d;) really form a spectral sequence.
Proposition 7.7. For each n,j € Z and each £ € N, one has
By = H" (B, de).
Proof. Set H}'; = H ”(EZ j)7 and recall that this is the cohomology of the complex

Zy5 L Bl M 2y By 2 20 By,
We start by defining a function
¢: Efyy ;= Hyplj.
Suppose that z € Zj',, ;. Then also z € Z}; and
dex = dw € d(Z},, ;) € Byt

and so z defines a class ¢(z) € H, ¢;- This class does not depend on the choice of
representative, because

Bii; = 2N (BZj + d(ZZj_ien
by the lemma below. Indeed, we see that z € By, ; if and only if its image in Hp,

is zero, and so ¢ is well-defined and injective.

It remains to argue that ¢ is also surjective. Any class in H, ¢ can be represented
n+1

by an element x € ZZj with dpx € Bé,j—é' After unwinding the definitions, this is
saying that x € F; K™ and dx € F;_(K"™! and
dr =dz’ +y
for some 2’ € F;_1 K™ with d2’ € F;_,K"*! and some y € F;_,_1K™"!. Thus
v—a' e FEK"Nd " (Fj_ K" =77, 5,

and after replacing = by x — 2’, we can assume from the beginning that x € 2y -
But this means exactly that the given class is in the image of ¢.

Lemma 7.8. One has
Bl ;=2 ;N (B?,j + d(Z?j_-‘ié)>

for every j,n € Z and every £ € N.
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Proof. Unwinding the definitions shows that
By +d(Z) ) = Fia K" nd  (Fj_ K™ + F; K" N d(Fj K" )

0,5+
and so the intersection with Z&_lj =F;K"N d-t (F',g,lK”H) equals
Jo K N d N (Fj_eo K™Y + Fy K" N d(Fip K™Y = By - O

In what sense does the spectral sequence of a filtered complex “converge”? Note
that the Zj'; form a decreasing chain of submodules of F; K™ with

ﬂ ‘67]

LeN

Proposition 7.7 shows that E7,, ; is a subquotient of E7;, but there is in general
no natural morphism from one to the other, which means that one cannot take a
(direct or inverse) limit in the algebraic sense. Fortunately, what happens almost
always in practice is that, for each fixed j,n € Z, the modules Ej'; stabilize for
sufficiently large £. In fact, one has the following necessary and sufﬁment condition
for stabilization, in terms of the filtration on the complex.

Proposition 7.9. Fiz some n € Z. The differential d;: E} — E;H'l vanishes for
every £ >l if, and only if, the filtration satisfies

F;K" M Nd(K™) = ;K" 0 d(Fjy0,-1K™)
for every j € Z.

Proof. The differential d;: E} — EZLH vanishes for every ¢ > {; exactly when
d(Zy;) < lejle for every ¢ > ¢y and every j € Z. After replacing j by j + ¢, this
translates into the condition that

FiK" T N d(Fj0K™)
CFj_ 1 K" nd N (Fj_oK™?) + K" N d(Fjpe-1K™),
or after intersecting with d(F;,K™),
F; K" N d(FjK™) = F; 1 K" 0 d(FjK™) + F; K™ N d(Fjp e K™).

Recursively applying this identity (for £ > ¢y), and using the fact that the filtration
on K™ is exhaustive, we can rewrite this in the equivalent form

FK" Nd(K") = F;1 K" nd(K™) + F K" N d(Fjp—1 K").
According to (7.3), there is some jo € Z with F;, K"*! = 0. We now get the desired
conclusion by recursively applying the identity above (for j > jo). O
Corollary 7.10. If there is some £y € N with the property that

F,K"'Nd(K") = F; K" N d(Fjye,-1K")
F;K"Nd(K"™ ") = F; K" Nd(Fjpe-1 K1)
for every j € Z, then one has E}, = EZ,.

For example, one has ET = E7. exactly when the differential d is strictly com-
patible with the filtration, in the sense that F; K™ Nd(K"™!) = d(F; K" ') (and
the same condition with n + 1 in place of n).

Note. 1 have been using the “natural” indexing for the spectral sequence, where n
is the position in the complex K*®, and j the degree with respect to the filtration on
K™. For historical reasons, people usually index their spectral sequences differently,
and our Ey'; is usually denoted by E, ULars (This looks more natural in the special
case of a double complex.)
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Application to our problem. Now we return to the case of a finitely generated
left R-module M, endowed with a good filtration FeM. If we apply the spectral
sequence formalism to the complex of right R-modules
0—>Ly—Li—L;— -,

with the good filtration F.L; constructed earlier, we obtain a spectral sequence
with Eg = grl’ L% and with differential dy induced by the differential in the original
complex. It follows that

E{ = Ext%(gr" M, 5),
because the complex in (7.2) is a free resolution of grf’ M. On the other hand, the
complex in (7.1) is a free resolution of M, and so we get

E? = grExt],(M, R).

Recall that we are trying to prove the identity j(M) = j(grf M). The first thing
we should do is check that the spectral sequence converges, in the sense that each
E} stabilizes for £ > 0. This is a consequence of the following lemma about good
filtrations.

Lemma 7.11. Let (K*,d) be a complex of left (or right) R-modules, and suppose
that each K™ has a good filtration FoK™ such that d(F;K™) C F; K™ for every
j,n € Z. Then for every n € Z, there is some jo € N such that

F; K" nd(K") = ;K" N d(Fj4,K").

Proof. On the submodule d(K™) C K™, we have two good filtrations, one induced
by the good filtration on K"t the other by the good filtration on K™. Let us
denote these by

Fjd(K™) = F;K"™ Nd(K™) and G;d(K")=d(F;K").

The first filtration is good because grf’d(K™) is a submodule of the finitely generated
S-module grf’ K™*+1; the second filtration is good because gr®d(K"™) is a quotient
module of the finitely generated S-module gr’” K™. In both cases, we are using the
fact that S is noetherian. By Corollary 2.15, there is an integer jo > 0 such that

Fjd(K") € Gjyj,d(K")
for every j € Z. We get the result by intersecting both sides with FjK"H. U

Together with the convergence criterion in Corollary 7.10, this shows that E} =
E7 for £ > 0, and so our spectral sequence does indeed converge. Now recall that

E] = Ext’(er" M, S).
We can use the results about E{ from Proposition 6.4, plus the spectral sequence,
to prove the following theorem.
Theorem 7.12. Let M be a finitely generated R-module with a good filtration FeM .
(a) One has j(ngM) = j(M), and thus Extl, (M, R) =0 for j < j(gr’"M).
(b) One has d(Extf‘%(M7 R)) <2n—j for every j > 0.
(c) One has d(EXt%M)(M, R)) =2n—j(M).

Proof. To simplify the notation, let me set jo = j(grf M), which means that E{ =0
for all j < jg. According to Proposition 6.4, we have

d(E]) < 2n —j

for every j > 0, with equality for j = jo. Here d(M) = dim S/J(M) is the dimension
of the support.
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Since EZH is a subquotient of Eg, it follows that Eg =0 for j < jo and £ > 1.
But EJ = E} for £>> 0, and so EJ_ =0 for j < jo. Remembering that
Y = grf Ext),(M, R),
we deduce that Extg%(M, R) =0 for j < jo, and hence that j(M) > jo. This gives
us one half of (a), namely
. . F
J(M) = (g M).
By the same reasoning, d(E7) < 2n — j implies that d(FEZ ) < 2n — j, and therefore
d(Extl (M, R)) < 2n — j
for every j > 0, which is (b). Lastly, we have d(E{“) = 2n — jo, but E{"’*l =0 and
d(EPT") < 2n — jo — 1. Therefore
EJ® = ker(dy: EJ* — B,
and since d(E{DJr_l) < 2n— jo — 1, we see that d(EL’) = 2n — jo. Continuing in this
way, we get d(E}") = 2n — jo for every £ > 1, and therefore
d(Exty (M, R)) = 2n — jo.
In particular, Extg’ (M, R) # 0, and so jo > j(M). This gives us the other inequality
j(gr M) > (M),
and so (a) and (c¢) are proved. d

Exercises.

Ezercise 7.1. Generalize the proof of Proposition 7.9 to the case where the filtration
on each module K™ in the complex satisfies

(VK" +L)=L

JEZL
for every submodule L C K.



