1. PONTRYAGIN AND CHERN NUMBERS

Definition 1.1. Recall that a partition of a non-negative integer k is an unordered sequence
of positive numbers I = iy,--- , 4, whose sum is k. If J = j1,--- ,js a partition of [ then we
define
IJ =iy, ip j1,- Js
to be the corresponding partition of & -+ [.
We have a partial order < on partitions of k where I <X J if I is a refinement of J which
means that J = I11--- I, where I; is a partition of i; for all j € {1,--- ,r}.

Definition 1.2. Let K be an (almost) complex manifold of complex dimension n and let
I =14, -+ i, be a partition of n. Then we define the /th Chern number to be
cr([K™]) = ciycip - i [K" = ¢, (TK™) U i)y (TK™)U - Uc; (TK™)([K"]).
We define ¢;([K™]) = 0 if I is a partition of an integer other than n.
Example 1.3. Recall that

¢(CP™) = (1+ u)™H = ni ("f 1>u

- 1
=0

Therefore ¢;,¢i, -+ ¢;, [CP"] = []i_, (";H) if i1,--+ 4, is a partition of n.
J

A complex 1-manifold as one Chern number, a 2 manifold has 2 Chern numbers and in
general, a complex n-manifold has p(n) Chern numbers where p(n) is the number of partitions
of n.

Recall that H*(Gr,(C*®)) = Z[o1,--- ,0p] where 0; = ¢;(7v%) for all j = 1,--- ,n. This
means that H2"(Gr,(C>)) is the free abelian group generated by products H§:1 o;; where
i1, ,i; is a partition of n. As a result, if f : K — G7,(C™) is the classifying map of TK
then the Chern numbers of K are determined by the image of the fundamental class f, ([K"])
of K inside H?"(Gr,(C>)) via the formula:

Ci1 Cig * " * Cir[Kn] =04y " Ulr([f*(Kn)])

which are exactly the coefficients of f.([K"]) with respect to the basis of H?"(Gr,(C>)) as
above.

Definition 1.4. Let M*" be a smooth compact oriented manifold of dimension 4n and let
I =14y, %, be a partition of n. The Ith Pontryagin number of M is

pIIM™*™] = pi,piy - - pi, [IM*] = pi, (TM) U -+ p;, (T M) ([M*"]).

Example 1.5. For any partition i1, --- ,%, of n,

2n+ 1\ [2n+1 on+1
pilpiQ"'pir[C[P)Qn]: < . )( . >< . )
3} 12 ip

If we reverse the orientation of M*" then its Pontryagin classes do not change as the
definition does not involve the orientation in any way, but the fundamental class changes
sign. This means that if we change the orientation of M*" then the Pontryagin numbers
pr[M*"] change sign. As a result we have the following Lemma:

Lemma 1.6. If M/*" has a non-zero Pontryagin number then M4 cannot have an orientation
reversing diffeomorphism.
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Proof. Suppose that M4 has an orientation reversing diffeomorphism 7 : M — M. Then
if I =41,---,14, is a partition of n then

prlM] = piy (TM) U -+~ Up;, (TM)([M]) = (r7)"pi, (TM) U - - Uy, (TM)(7([M])) =

—(77) i (TM) U py, (TM)([M)).

l'is a diffeomorphism, we have that (77!)*T'M is isomorphic to TM which

NOw since 7~
implies that

(T i (TM) U -~ U (77 1) iy (TM)([M]) = piy (TM) U -+ - U py, (TM)([M]).
Hence p;[M]| = —pr[M] which implies that p;[M] = 0. O
Corollary 1.7. CP?" admits no orientation reversing diffeomorphism.

Proof. We have that p, [CP?"] = (2";1) # 0. 0

Note that CP?"*! does have an orientation reversing diffeomorphism given by sending
(20, -+, 22n41] tO [Z0, -+, Z2ny1]-

This is very different from the Euler class e(M) since e(S™) # 0 where S™ is the n-sphere,
yet S™ admits an orientation reversing diffeomorphism.

We also have the following Lemma:

Lemma 1.8. If the Pontryagin number of M*" is non-zero then M cannot be the boundary
of an oriented compact 4n + 1 manifold.

Proof. Suppose that M = OW is the boundary of an oriented manifold W and let ¢ : M — W
be the inclusion map. Let puw € Hypt1 (W, M;Z) be the fundamental class. Then 0 :
Hyp1(W, M;Z) — Hgy,(M;Z) sends uw to a fundamental class pps of M. Also TW |y =
TM ® R and hence p;(TW)|y = pi(TM). Let & : H*™(M;Z) — H**Y(W, M;Z) be the
natural connecting map. If ¢1,--- , 4, is a partition of n, then

Py (TM) U - Up;, (TM)(par) = piy (TW{ar) U--- Upi, (TW]ar) (Opw)

S(pi (TWpr) U=+ Upi, (TW | a)) (pw) = (" piy (TW) U - U p, (TW)) (uw) = 0
since
HY"(W;2Z) > H™(M;2Z) > H"™ (W, M;Z)

is a long exact sequence.

Corollary 1.9. CP?" is not the boundary of any oriented manifold.

It turns out that CP?"*! is the boundary of a 4n + 1 manifold as follows (sketch): We can
define quaternionic projective space HP" in the usual way. Identify H = C® C in the natural
way. Then we have a natural quotient map (C @ C)"*! — HP™. This factors through the
quotient map (C @ C)"+! = C?+2 — CP?"+!. Hence there is a natural fibration

CcP?tl —s HP"

with fiber equal to CP! = S2. In particular the S? bundle can be extended to a D3 = {x €
R? : |z| < 1} bundle and hence CP?"*+! is the boundary of a D? bundle over HP".
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Definition 1.10. Recall that the set of symmetric polynomials in Z[us,- -+ ,uy,] is equal to

the subalgebra Z[oy, - - -, 0y,] freely generated by the elementary symmetric polynomials. Let

I = iy,-++ ,ir be a partition of k. Then by the above fact, there is a unique polynomial

sr(o1,- -+ ,0q) equal to Y “31(1) -+ ulr where we sum over all permutations o of {1,--- ,r}.
If 7 : E — B is a complex vector bundle, then we define

s1(c(E)) = si(c1(E), -+, ca(E)).
Lemma 1.11. (Thom) Let 7 : E — B, n’ : E/ — B be complex vector bundles. Then
si(c(E®E)) = > ss(c(E))Usg(c(E))
JK=I

where we sum over all partitions J, K satisfying JK = I.
Corollary 1.12. If I = k then
sp(c(E @ E')) = si(c(E)) + sp(c(E")).

Proof. of Lemma 1.11. Define G = Gr,(C®), v =~2, G’ = Gry(C®) and v/ = " where n
is the rank of F and n’ is the rank of E'. Let f : B — G and f’ : B — G’ be the classifying
maps for £ and E’ respectively. Let f x f' : B — G x G’ be the corresponding product
map.
Since (£ x 1) s1(c(y x 7)) = s1(c(E & E)),
f(s5() = s5(c(E)),  [(sx(?)) = sx(c(E"))
it is sufficient for us to prove that
SI(VX’V,) = Z SJ(’V)(X)SK(’.)/) S H*(GXG/7Z) = H*(Gv Z)®H*(G/7Z) = Z[Uh e 7Un70/17 e 70'41’]
JK=I
- Z[Ul,"‘ 7un7u,17"' auln]
Here 0; is the ith symmetric polynomial in uy, - - ,u, and o is the ith symmetric polynomial
inuj,---,u,. Let I =1iy,---,ip. Now v x~ =p*y@ (p')*y where p: G x G’ — G and
p' : G x G’ — G’ are the natural projection maps. Hence by the Whitney product theorem:

k(v X 7) Zazak i

Therefore
n+n’
sr{elr x ) (z RS )
i=1
s k k
- Z Zzuil(1)”'“f;(s)(“;/(1)) P (Ufy/(t)) '
JK=1 o o
where J = ji, -+ ,js and K = kq,--- , k; satisfies JK = I and we are summing over all such
JK and all permutations o of {1,--- , s} and permutations o’ of {frm[o]——, - ,t}.
Also

Z SJ(Ulv"'70-8)81((0-37"'70-2)
JK=I
is equal to the above sum. ]
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Definition 1.13. If K" is a complex manifold then we define
s7[K"] = sp(e(TK))[K"].
We have the following immediate corollary of Thom’s lemma above.

Corollary 1.14.
si[K™ x L' =Y " s;[K™]sg[L"]
JK
where we now sum over all partitions J of m and J of n respectively satisfying JK = I.

Corollary 1.15.
Sm+n[Km X Lm} = 0.

Example 1.16. Since ¢(CP") = (1+a)"*! where a is Poincaré dual to CP"~!, we have that
¢k (CP") is the k-th symmetric polynomial, all of whose n+1 entries are equal to a. Therefore
sp(c(CP™)) = (n + 1)a”*. Hence s,[CP"] = (n + 1) # 0. Hence CP™ cannot be expressed as a
product of almost complex manifolds.

We have similar formulas for Pontryagin numbers.

Definition 1.17. For I =4, -- , 4, a partition of k and V real vector bundle, define
si(p(E)) = si(pi,(V), -+ . pi, (V) € H*¥(B; Z).
If M*" is an oriented 4n-manifold and I = iy, --- , i, a partition of n, define

st (M) = s, (p(TM))[M).
We have the following lemma which is analogous to Thom’s lemma above:

Lemma 1.18.

sspESE) = Y s,(E)Usk(E)
JK=I

Corollary 1.19.

st (M x NI = 37 s (A4 (]

J,K
where J is a partition of m and K is a partition of n satisfying JK = I.
Theorem 1.20. (Thom) Let K!,---, K™ be complex manifolds of dimension 1,---,n re-
spectively satisfying sz (c(K*)) # 0. Then the p(n) x p(n) matrix
Ciy - ci [K X - x K9

is non-degenerate where p(n) is the number of partitions of n, I =iy, ,i, is a partition of

n and J = ji, -+, js is a partition of n.

Theorem 1.21. (Thom) Let M*,--- | M*" be oriented manifolds whose satisfying py, (c(M*¥)) #
0. Then the p(n) x p(n) matrix

Diy - P [MAY % - x M

is non-degenerate where p(n) is the number of partitions of n, I =iy, - ,i, is a partition of
n and J = ji, -+, js is a partition of n.

For example we can take M = CP?.



Proof of Theorem 1.20. Note:
sI[E s K = Y s [K9 s, [K*2] - s, [K°]
Iy Is=I
by a generalization of Thom’s lemma above. The term:
si[K7sp[K*] - s, [K7]

is non-zero only when I, is a partition of j, for all ¢ =1,--- ,s. Hence”
SI[Kjl % ...st] — Z SII[Kjl]SIQ[KkZ]...SIS[KjS]
Iy, s
where we sum over Iy, - -, I; where I, is a partition of j, forallg=1,--- ,sand [1I5--- I, =
1.

This implies that if we arrange the partitions I of n so that they respect the ordering <
above then
Ciy "Cir[Kjl X oo X KJS]
becomes an upper triangular matrix. It also has non-zero diagonal entries due to the fact
that si(c(K*)) # 0 for all k and hence must be non-degenerate. O



