
SPRING 2020: MAT 320 FINAL EXAM

The purpose of this final exam is to prove two theorems on the uni-
form approximation of continuous functions with functions from a fam-
ily. The Weierstrass approximation theorem approximates a continuous
function on an interval uniformly with polynomials. The Cesàro means
of a function’s Fourier series approximate the function uniformly with
wave functions of bounded frequency. The proofs illustrate the convo-
lution kernel method of approximating a function with its convolution
with a kernel approximating the identity. Solve the problems indepen-
dently without outside aids. Your solutions should be submitted on
Blackboard as for the weekly homework assignments.

Problem 1 (Weierstrass approximation theorem). (25 pts) Prove the
following: If f is a continuous function on ra, bs, there exists a sequence
of polynomials Pn converging uniformly to f on ra, bs. It may help to
follow the following steps.

a. Since P pa ` pb ´ aqtq is a polynomial of t P r0, 1s if P is a
polynomial, we may assume that ra, bs “ r0, 1s. Also, it suffices
to assume that fp0q “ fp1q “ 0, since gpxq “ fpxq ´ fp0q ´
xpfp1q ´ fp0qq differs from fpxq by a polynomial and satisfies
gp0q “ gp1q “ 0. Extend f to a function on R as fpxq “ 0 if
x R r0, 1s.

b. Let Qnpxq be the polynomial Qnpxq “ cnp1 ´ x2qn, where the

constant cn is chosen so that
ş1

´1
Qnpxqdx “ 1. Prove that there

is a constant c ą 0 such that cn ď c
?
n.

c. Prove that for each fixed δ ą 0, as nÑ 8,
şδ

´δ
QnpxqdxÑ 1.

d. Define Pnpxq “
ş1

´1
fpx ´ tqQnptqdt “

şx`1

x´1
fptqQnpx ´ tqdt.

Show that Pnpxq is a polynomial.

e. Write fpxq´Pnpxq “
ş1

´1
pfpxq´fpx´tqqQnptqdt and prove that

|fpxq ´ Pnpxq| tends to 0 uniformly in x as nÑ 8 by splitting
the integral into the parts where |t| ă δ for some fixed δ ą 0
and the remainder.

We say a function f : RÑ R is 1-periodic if fpx` 1q “ fpxq and write
f : R{Z Ñ R. If f is Riemann integrable on r0, 1s, its nth Fourier

coefficient is f̂pnq “
ş1

0
fpxqe´2πinxdx. The Fourier series of f is the

(possibly divergent) sum

Sfpxq “
8
ÿ

n“´8

f̂pnqe2πinx.
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It is known that if f is continuous, the sequence of partial sums
řN
´N f̂pnqe

2πinx

may not converge to fpxq as N Ñ 8. Fejér’s Theorem shows that the
Cesàro averages of these sums converge to f uniformly.

Problem 2 (Fejér’s Theorem). (20 pts) Given a continuous function
f : R{ZÑ R, prove that the Cesàro averages of the partial sums of the
Fourier series,

σNpfqpxq “
1

N ` 1

N
ÿ

M“0

ÿ

|k|ďM

f̂pkqe2πikx

“
ÿ

|k|ďN

ˆ

1´
|k|

N ` 1

˙

f̂pkqe2πikx

converge uniformly to f . It may help to follow the following steps.

a. Define the Fejér kernel

FNpxq “
ÿ

|k|ďN

ˆ

1´
|k|

N ` 1

˙

e2πikx.

Prove that
ş1

0
FNpxqdx “ 1 and, for x ‰ 0 mod 1,

FNpxq “
1

N ` 1

ˇ

ˇ

ˇ

ˇ

e2πipN`1qx ´ 1

e2πix ´ 1

ˇ

ˇ

ˇ

ˇ

2

“
1

N ` 1

ˆ

sinpN ` 1qπx

sin πx

˙2

.

b. Prove that, for each δ ą 0,
şδ

´δ
FNpxqdxÑ 1 as N Ñ 8.

c. Prove that
ÿ

|k|ďN

ˆ

1´
|k|

N ` 1

˙

f̂pkqe2πikx “

ż 1

0

FNpx´ tqfptqdt.

d. Using that

fpxq ´ σNpfqpxq “

ż 1

0

FNpx´ tqpfpxq ´ fptqqdt,

prove that σNpfq converges uniformly to f on r0, 1s.

Problem 3. (10 pts) Let a0, a1, a2, ... be a convergent sequence, con-
verging to a. Prove that the Cesàro averages σN “

1
N`1

pa0`¨ ¨ ¨`aNq Ñ
a as N Ñ 8.

Problem 4. (20 pts) Calculate the Fourier series of the 1-periodic
function f which is defined on r0, 1s by

fpxq “

"

x 0 ď x ď 1
2

1´ x 1
2
ď x ď 1

.

Evaluate the Fourier series at 0 to check that
ř8

n“1
1
n2 “

π2

6
.


